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In this paper, based on the porous media theory, the specific expressions of the total stress and the input work of unsaturated ex-
pansive soils with double porosity are proposed, and then the energy-conjugate variables are further derived. We make distinc-
tions between the effects of capillary water and adsorbed water on the soil behaviour, as well as between the deformations of mi-
cro- and macrostructure. According to the derived input work expression and the work-energy-dissipation relations for an open 
multiphase thermodynamic system, we establish a thermodynamics-based modelling framework for unsaturated expansive soils 
with double porosity. 
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Many geomaterials, such as fissured rocks [1], natural and 
compacted clays [2,3] and bentonite pellet mixtures [4], 
have a pore size distribution with at least two dominant 
values of porosity, or double porosity. The two scales of po-
rosity correspond to the micropores (matrix pores, intra- 
aggregates or intra-pellets) and macropores (fissures, inter- 
aggregate pore or inter-pellets). The research subject of this 
paper is unsaturated expansive soils which consist of two 
overlapping but distinct continua. The macrostructure refers 
to the arrangement of soil particle aggregates and the rela-
tively large pores between them. The microstructure refers 
to clay particles and the micropores within them. 
An important issue in the investigation of the behaviour 
of materials exhibiting two scales of porosity is the evolu-
tion of the internal structure and the proportional changes of 
micro- and macroporosity during the course of mechanical 
and wetting-drying stress paths. The compression tests [5,6] 
indicate that the macrostructural deformation is strongly 
affected by the mechanical loading of an aggregated soil 
while the corresponding change in the micropores is almost 
insignificant. The control-suction tests [4,7] exhibit that the 
microstructure expands (or contracts) during wetting (or 
drying), and the microstructural volume change is reversible. 
However, the macrostructural deformation is always irre-
versible and is related to the initial compaction density, the 
variation range of suction, etc. 
Based on the distinction between the deformations of 
micro- and macrostructure, Gens and Alonso [8] presented a 
framework for describing the behaviour of unsaturated ex-
pansive clays. Then Alonso et al. [9] further presented the 
stress-strain incremental relations (BExM). Mechanical 
coupling between both levels of structure was defined 
through two functions, one for wetting and the other for 
drying. Afterwards, a series of modifications and develop-
ments have been performed for the BExM [10–12]. 
Ziegler and Wehrli [13] presented an approach which is 
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used to build constitutive models for general materials 
based on thermodynamic laws. This approach is further 
extended to building models of geomaterials [14,15]. Li 
[16,17] deduced the expressions of input work and energy 
balance of unsaturated soils, and developed a thermody-
namics-based modelling framework. Then the variation of 
gas pressure is further taken into account [18,19]. 
In this paper, based on the porous media theory, the spe-
cific expressions of the total stress and the input work of 
unsaturated expansive soils with double porosity are pro-
posed, and the energy-conjugate variables are further de-
rived. According to the derived input work expression and 
the work-energy-dissipation relations for an open multiphase 
thermodynamic system, a thermodynamics-based modelling 
framework is also established. 
1  The characters of water in unsaturated  
expansive soils 
In the early 1950s, many researchers realized that an ade-
quate understanding of the behaviour of unsaturated soils 
requires the proper consideration of matric suction. Actually 
matric suction (or potential) should be considered as the 
sum of two components, a capillary component and an ad-
sorptive component [20,21]. The former one is related to 
air-water surface tension and negative water pressure, and is 
termed capillary suction. The capillary suction is always 
equal to sc=papw, in which pa and pw are pore air pressure 
and pore water pressure, respectively. Capillary water 
which consists principally of bulk water arises from the 
surface tension mechanism. On the other hand, the latter 
one is related to the interaction of pore water and soil parti-
cle surfaces, i.e. physiochemical effect. Adsorbed water 
which is comprised of bound water arises from the physi-
cochemical mechanism. Gens [22] figured out matric suc-
tion as a variable that expresses quantitatively the degree of 
attachment of the liquid to the solid phase. A large suction 
value refers to a very large potential of the water immedi-
ately adjacent to the solid surface, but it should not be 
viewed as pressures in the conventional bulk thermody-
namic sense. However, the adsorptive component of matric 
suction and the physiochemical effect were always neglect-
ed in the earlier researches. Thus the validity of constitutive 
model of unsaturated soils based on capillary mechanism 
which is invalid at low water content, over the full range of 
degrees of saturation, is a question worth study. 
The adsorptive component of the matric suction arises 
from two types of surface forces [20]. The first kind in-
cludes long-range electrostatic forces (e.g. diffuse double 
layer), short-range van der Waals and hydration forces. The 
second kind comprises of long-range forces due to the 
overlapping of two interfacial regions. Lu and Likos [23] 
indicated that the decrements in chemical potential due to 
surface force fields are much less at locations relatively far 
from particle surfaces than at locations near the surfaces. 
However, local thermodynamic equilibrium requires the 
chemical potential throughout the entire pore water phase to 
be the same. To satisfy this requirement, positive internal 
water pressure, which acts to increase the potential, builds up 
in the water films immediately adjacent to the soil particles. 
As noted above, the capillary water and the adsorbed 
water have different properties. The effect of the latter on 
soil behaviour has to be considered when pore water is pri-
marily retained on aggregate and platelet surfaces as water 
of hydration. The common stress variables, such as Bish-
op’s stress, the double stress variables and the average soil 
skeleton stress, are only applicable to the situation that pore 
water is retained primarily as capillary mechanism. To take 
into consideration the adsorbed water effect, Lu and Likos 
[24] deduced an inter-particle stress c which is expressed 
as 
    c a pc cap a w a1 ,            p p p A A  (1) 
where  is the total stress; pa and pw are pore air pressure 
and pore water pressure, respectively; pc is the physico-
chemical interaction stress; cap is the capillary stress; A is 
the projected area and Aa is the projected area where the air 
phase exists. The stress c explicitly and effectively ac-
counts for the effects of physicochemical stress and surface 
tension. However, it is inapplicable to the unsaturated po-
rous continua with double porosity. 
Borja and Koliji [25] used the first law of thermodynam-
ics to derive an expression for an “effective”, or constitutive, 
stress that is energy-conjugate to the rate of deformation of 
the solid matrix d. The “effective” stress ″ of unsaturated 
porous continua with double porosity has the form 
 ,Bp      (2) 
where  is the total Cauchy stress tensor; 1 sB K K  is 
the Biot coefficient; K and Ks are the elastic bulk modulus of 
solid matrix and the intrinsic bulk modulus of solid phase, 
respectively; m Mm M  p p p is the mean pore fluid pres-
sure for entire mixture; 
α (α m,M)   is the micro- or mac-      
ropore fraction, and m+M=1; αw αwα αw αa(1 )  p S p S p  
is the mean micro- or macropore pressure; Sw is the micro- 
or macroporosity degree of saturation, and Sa=1Sw; pw 
and pa are pore water pressure and pore air pressure in mi-
cro- or macropores, respectively;   is unit tensor of se-
cond-order. However, it is necessary to make distinctions 
between the deformations of the micro- and macrostructure, 
as well as the effects of the adsorbed water and the capillary 
water. 
At the macroscopic level, the unsaturated expansive soils 
are composed of aggregates (ag), capillary water (c), gas (g) 
and adsorbed water (ad) phases [26]. The total surface of 
the aggregates is covered with the adsorbed water, with the 
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capillary water concentrated at the corners, and the gas oc-
cupying the central portion of the pore. At the microscopic 
level, the aggregates are constituted of clay platelets and 
adsorbed water. Based on the porous media theory, the 
stress tensors of phases combine additively to form the total 
stress [25,27–29] 
  γ adij M γ ij M ad ij M ijγ c,g( ) 1 ,     n S u n S p n s  (3) 
where uc and ug are the capillary water pressure and the pore 
air pressure, respectively; adijp  is the adsorbed water stress, 
which is a second-order tensor because the adsorbed water 
can withstand a shear [20,30]; sij is the average stress in the 
aggregates; Mn  is the macroporosity; S( = c,g,ad) is the 
degree of saturation of  phase, and 1 S ; and in the 
following,  represents capillary water, adsorbed water and 
gas phases, and  represents capillary water and gas phases. 
The variables Sad and 
ad
ijp  could not be explicitly deter-
mined. Nevertheless, by distinguishing the adsorbed water 
from the capillary water conceptually, a theoretical founda-
tion is established for the following derivation. 
2  The expressions of the input work of unsatu-
rated expansive soils with double porosity and 
the energy-conjugate variables 
Identifying the constitutive variables is the first step to de-
duce a constitutive model of unsaturated soils. The constitu-
tive variables consist of stresses, strains, thermodynamics 
variables, etc. Based on the thermodynamics theory, the 
stress and strain variables can be chosen from the expres-
sion of input work of unsaturated soils [25,27,28]. 
At the macroscopic level, the unsaturated expansive soil 
is composed of aggregates, capillary water, gas and ad-
sorbed water phases. Thus, the overall density  is given by 
    β agM β Mβ 1 ,     n S n  (4) 
where ag and  are the densities of the aggregates and  
phase, respectively. The densities of adsorbed water and 
capillary water are approximately identical [30], thus we 
assume c ad w    . 
The power input to a volume V fixed in space, with a 
bounding area A, is the sum of the power input at the 
boundary and the power done by gravitational force: 
V
γ ad ad
M γ i ij M ad ij i M ij i jγA
d




n S u f n S p f n s v n A
 
 β β agM β i M i iβV
[ ( ) (1 ) ] d ,     n S f n v g V  (5) 
where the negative sign on the area integral arises from the 
compressive positive convention; ni is the outward normal 
to the surface A; gi is the gravitational acceleration vector; vi 
and i
f  are the average velocities of the aggregates and  
phase, respectively; and the artificial seepage velocity of  
phase is defined by  i M i i  w n S f v . Substituting eqs. 
(3) and (4) and the artificial seepage velocity of  phase into 
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i i i
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       
     
 W V u w p w v
w v g V  (6)
 
where a comma notation is used to indicate differentiation 
with respect to a spatial coordinate. Noting that the volume 
is arbitrary, it follows that the integrands on both sides of 
the equation are equal. Expanding the right-hand side then 
leads to 
 γ γ γ γ ad ad ad ad,j j j,j ij,j i ij i,j ij i,jγ
( )       W u w u w p w p w v  (7) 
where γ,iu  and adij,jp  are the excess pore pressure gradients 
in  phase and the adsorbed water, respectively. Here, it has 
been assumed that the total stress equilibrium is satisfied, i.e. 
ij,j i 0   g . 
The mass conservation equations of the aggregates, the 
capillary water, the adsorbed water and the gas phases can 




c c c c
M c M c i
ad ad ad ad
M ad M ad i
g g g
M g M g i
[(1 ) ] div[(1 ) ] ,
( ) div( ) ,
( ) div( ) ,
( ) div( ) 0,
in t n v c
n S t n S f c
n S t n S f c





              
 (8) 
where cag, cc and cad are the rates of mass exchange between 
the aggregates, the capillary water or the adsorbed water 
phases and other phases, respectively; and cad is decom-
posed into caa and cac, which are the rates of mass exchange 
between the adsorbed water phase and the aggregate phase 
or the capillary water phase, respectively. The equilibrium 
equations, cag+caa=0 and cc+cac=0, are satisfied. Eq. (8) can 




ag ag ag ag
i,i M M M
c c w
i,i M M c c M c
ad ad w
i,i M M ad ad M ad
g g g
i,i M M g g













v n n c n
f n n S S c n S
f n n S S c n S
f n n S S
 (9) 
Here, it has been assumed that the spatial variations of 
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nM and S are insignificant and the density of water is con-
stant. Substituting the artificial velocities and noting that 
i,i ii  v leads to 
 
c ag ag
i,i c ii M c c M
ag ag c w
c
ad ag ag
i,i ad ii M ad ad M
ag ag ad w
ad
g ag ag
i,i g ii M g g M



















w S n S S n
S c c
w S n S S n
S c c
w S n S S n
S c n S
 (10) 
At the macroscopic level, the mass exchange between the 
aggregate phase and other phases leads to the density change 
of the aggregates which is given by 
 






( ) (1 ) ,
m V Vc
t t tV V V
c n
   
 





where mmii  and mii  are the microstructural volumetric 
strain increment at the micro- and macroscopic level re-
spectively, and the equilibrium equation, m mmii M ii(1 )   n , 
is satisfied [4]; agm  and agV  are the quality and the vol-
ume of aggregates in the representative volume element, 
respectively. According to the method proposed by Alonso 
et al. [9], the total strain is the sum of the deformations of 
macro- and microstructure, i.e. M mij ij kk j     i . Substitut-
ing the equilibrium equation, eqs. (10) and (11) to eq. (7), 
and noting that ij i,j ij ij    v , it yields the work input to 
unsaturated expansive soils with double porosity as 
c c g g ad ad
,j j ,j j ij,j i
g c ad M g c
ij g ij c ij ad ij ij M c
g ad c ad c w
M ij ij ad ij ij
 ( ) ( )
 ( ) ( )
   
  
     
     
   


W u w u w p w
S u S u S p n u u S
n u p S u p c
 
 ad aa w m g gij ij ij ij kk M g .          gp c u n S  (12) 
The first three terms on the left side of the equation is the 
work caused by the seepage of the pore fluids relative to the 
aggregates; the fourth term is the work caused by the de-
formation of the macrostructure; the fifth and sixth terms 
are the work caused by the volume change of the capillary 
water and the adsorbed water, respectively; the seventh term 
is the work caused by the mass exchange between the ca-
pillary water phase and the adsorbed water phase; the eighth 
term is the work caused by the mass exchange between the 
adsorbed water phase and the aggregate phase; the ninth 
term is the work caused by the deformation of the micro-
structure; the tenth is the work caused by the compression 
of the gas phase. Houlsby [27], Zhao et al. [28] and Borja 
and Koliji [25] have developed the expression of the work 
input of unsaturated soils and unsaturated porous continua 
with double porosity, respectively, which are different from 
eq. (12) . The interpretations of the key terms in eq. (12) are 
as follows. 
Firstly, the forth term in eq. (12) can be further expressed as 
   ad c M Mij ij M c ij ad ij ij ij ij ij ,              gu S s S p u  (13) 
where    g ad cij ij ij M c ij ad ij ij         u S s S p u is the stress 
variable which is work conjugate to the macroscopic strain; 
g c
c  s u u is the capillary suction; M c ad S S S  is the 
macroporosity degree of saturation. The stress ij  is termed 
inter-aggregate stress which explicitly and effectively ac-
counts for the inter-aggregate stress due to physicochemical 
mechanism. The expression of ij  can be simplified ac-
cording to the water content. At high water content levels, 
pore water is retained primarily as capillary menisci located 
between aggregates. Thus, the amount of adsorbed water 
and the physiochemical effect can be ignored. At low water 
content levels, pore water is primarily retained on aggregate 
and platelet surfaces as water of hydration. Thus the effect 
of the effect of the physiochemical effect is significant. 
Secondly, the terms from the fifth to the seventh are the 
work caused by the structure change of the pore fluids. 
They can be further expressed by 
   c ad ac wc M ij ij M ad ,     s S u p n S c  (14) 
where  g cc M s n u u is the modify capillary suction. The 
first term in eq. (14) demonstrates that the strain-like quan-
tity, work conjugate to cs , is the increment of macroporosity 
degree of saturation MS . The second term in eq. (14) indi-
cates that the quantity, work conjugate to the volume 
change of the adsorbed water, is the stress variable 
c ad
ij iju p . Similarly, Derjaguin et al. [20] defined the dis-
joining pressure as the difference between a normal com-
ponent of adsorbed water pressure and bulk liquid phase 
pressure. However, the adsorbed water and the bulk liquid 
phase have the same chemical potential. 
Thirdly, the eighth and ninth terms are the work caused 
by the deformation of the microstructure. At the macro-
scopic level, the mass exchange between the aggregate 
phase and the adsorbed water phase leads to the micro-
structural volume change. Thus the micro stain can be ex-
pressed as 
  m ag aa w aa wkk .       V V c V V c  (15) 
Substituting eq. (15) into the eighth and ninth terms in eq. 
(12) yields 
  ad m mij ij ij kk ii kkˆ ,      p  (16) 
3426 Li J, et al.   Chin Sci Bull   September (2013) Vol.58 No.27 
where adii ij ij ijˆ ( )    p  is the stress variable that is work 
conjugate to the microstructural volume change. 
3  The thermodynamics-based modelling frame-
work of unsaturated expansive soils with double 
porosity 
Based on the derived input work equation and the work- 
energy-dissipation relations for an open multiphase ther-
modynamic system, we can develop a thermodynamics- 
based modelling framework for unsaturated expansive soils 
with double porosity. To simplify eq. (12), we make the main 
assumptions as follows: 
(i) the work caused by the seepage of the pore fluids rel-
ative to the aggregates is ignored [16], so the first three 
terms of eq. (12) are zero; 
(ii) the work caused by the volume change of the adsorbed 
water is ignored, so the second term of eq. (14) is zero. 
Based on these assumptions, eq. (12) can be expressed as 
 M g g g mc M M g ˆ: ( ) .        W s S u n S   (17) 
The Clausius-Duhem inequality yields the local dissipa-
tion function D 
 d 0,  D W  (18) 
where   is the Helmholtz function. According to the 
method suggested by Rice [32], the local dissipation func-
tion can be expressed as the product of a set of imposed 
thermodynamic forces i and a set of increments of internal 
variables i which are the dual of the former, i.e. D=ii. 
Substituting eq. (17) into eq. (18) yields the increment of 
the Helmholtz function 
 M g g g mc M M g i iˆd : ( ) .            s S u n S   (19) 
The dissipation in a soil is attributable to its internal 
structural rearrangements. The pattern of internal rear-
rangements in an unsaturated soil can be denoted symboli-
cally as [32] 
  M f, ,H H H H  (20) 
which states that the internal structural rearrangements in 
unsaturated soil can be decomposed into two parts, i.e. HM 
and Hf. The former denotes the pattern of the macrostruc-
tural rearrangements, and the latter denotes that in connec-
tion with the dissipation in the pore fluids. In this paper, we 
attempt to take into consideration the interactions between 
water rentenlion behaviour and mechanical behaviour [16,18], 
as well as the microstructural volume change and the de-
formation of macrostructure. Alonso et al. [9] demonstrated 
the micro-macrostructural interaction mechanisms as follow: 
the micro- and macrostructure expand during wetting at low 
confining stress, however the macropores are invaded by 
the aggregates at high confining stress; in contrast, the mi-
cro- and macrostructure contract during drying at loose state, 
however the macropores develop as a result of drying at 
dense state. Thus, HM and Hf can be further expressed sym-
bolically as 
 M M M M M
f f f f
( , , ),
( , ),
    
H H H H H
H H H H
 (21) 
where MH , MH  and MH  denote the macrostructural 
rearrangement due to the change of the inter-aggregate 
stress, the plastic increment of macroporosity degree of sat-
uration and the microstructural deformation, respectively; 
fH  and fH  denote the dissipation in the pore fluids due 
to the capillary suction and the macrostructural plastic strain. 














     
          
  (22) 
where L is known as the loading index for the soil skeleton 
or the pore fluids; · is the McCauley brackets such that 
the L is a non-negative factor; Mp is the macrostruc-
tural plastic strain increment; pM S  is the plastic increment 
of macroporosity degree of saturation.  
When the interphase exchanges in entropy are negligible, 
the dissipation in an unsaturated soil can be additively de-
composed as 
 M M f fi i i i i i .        (23) 
Because the change of the internal structure is fully de-














When the interphase exchanges in internal energy and 
entropy are negligible, the change in free energy in an un-
saturated soil can be additively decomposed as 
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Note that dg and dmdo not include dissipation terms 
because any changes in air density and microstructural 
volume are reversible. For convenience the Gibbs functions 
are further defined by the following Legendre transforms of 
M , f  and m : 
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with their increments given by 
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Eq. (28) indicates that the general strains are given by 
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with their increments 
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With eqs. (29) and (30), the plastic increments can be 
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The elastic increments are then defined by 
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In fact, the plastic work can generally be divided into two 
portions: one is dissipated and the other is stored as a locked 
energy [14]. Thus substituting eq. (32) into the increments 
of the Helmholtz functions eq. (26) yields 
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where  and  are termed the back stresses; Dσ  and cDs  
are termed the dissipative stresses; and the additive decom-
positions D   σ and c cD   s s  have been invoked. 
Eqs. (24) and (31) demonstrate that the changes of the 
internal variables and the plastic strain increments are re-
lated to the internal structural rearrangements, which can be 
further written, by incremental linearity, as 
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where m is a second-order tensor that carries the infor-
mation on the direction of the macrostructural plastic strain 
increment; sgn(·) is a step function, and pMsgn( )S =1, 0 or 
1 for a positive, null or negative pMS  respectively; ir  
as a scaled version of i  . Substituting eq. (34) into eq. (33) 
yields the yield functions in the dissipative stress space 
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Based on the relation between the true stresses and the 
dissipative stresses, the yield functions in the true stress 
space are given by 
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The conditions for consistency of the yield functions are 
given by 
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in which 
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Substituting eqs. (22) and (34) into eq. (38), the evolu-
tions of  and fM due to HM, as well as  and ff due to Hf 
can now be written as 
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Substituting eq. (39) into eq. (37) yields the following 
form of the consistency conditions in the true stress space: 
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From the consistency conditions eq. (40), the loading in-
dexes are given by 
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Then the plastic strain increments are given by 
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where h(·) denotes the Heaviside step function, if ·>0, 
h(·)=1, else h(·)=0. Combining eqs. (32) and (43) yields 
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The set of incremental stress-strain equations is ex-
pressed by eq. (44). It shows that the each phase of the un-
saturated expansive soils with double porosity is subjected 
to mutual influence. Based on the thermodynamics-based 
modelling framework, we have further proposed a constitu-
tive model which is able to quantitatively predict the capil-
lary hysteresis and mechanical behaviour in unsaturated 
expansive soils [33]. 
4  Discussion 
Unsaturated expansive soils, such as natural and compacted 
expansive soils or bentonite pellet mixtures, possess two 
significant characteristics: (1) a pore size distribution with 
at least two dominant values of porosity; (2) a more obvious 
interaction of pore water and soil particle surfaces. In this 
paper, based on the porous media theory, the specific ex-
pressions of the total stress and the input work are proposed. 
The energy-conjugate variables are further derived, which 
are 
M,   , c M, s S  and mˆ,  . We make distinctions 
between the effects of the capillary water and the adsorbed 
water on the soil behaviour, as well as between the defor-
mations of micro- and macrostructure. 
According to the derived work equation and the work- 
energy-dissipation relations for an open multiphase ther-
modynamic system, we establish the thermodynamics-based 
modelling framework for unsaturated expansive soils with 
double porosity. Within the proposed framework, we have 
taken into consideration the effect of the microstructural vol-
ume change on the deformation of macrostructure and the 
coupling of water retention behaviour and stress-strain be-
haviour. 
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